We construct a zero curvature formulation, in superspace, for the sTB-B hierarchy which naturally reduces to the zero curvature condition in terms of components, thus solving one of the puzzling features of this model. This analysis, further, suggests a systematic method of constructing higher dimensional representations for the zero curvature condition starting with the fundamental representation. We illustrate this with the examples of the sTB hierarchy and the sKdV hierarchy. This would be particularly useful in constructing explicit higher dimensional representations of graded Lie algebras.
Introduction:
The supersymmetric integrable models [1] [2] [3] [4] [5] have drawn a lot of attention in recent years for a variety of reasons. One among them is their connection with the superstring theories through the matrix models. In this connection, it is a particular supersymmetrization of the bosonic integrable models that has proved interesting [6] . In a recent paper [7] , we studied, in detail, the properties of such a theory, namely, the sTB-B hierarchy which reduces to all other familiar ()-B theories under suitable field redefinitions or reductions. One of the puzzling features to emerge from this study was the fact that the zero curvature formulation of this hierarchy, in superspace, can be given in terms of 2 × 2 matrices belonging to SL(2) ⊕ U(1) which is related to the second Hamiltonian structure of the Two Boson (TB) hierarchy. Unlike other supersymmetric integrable models, however, this does not reduce to the component zero curvature formulation. In fact, as we showed in [7] , the component zero curvature formulation of this hierarchy can be given in terms of 4 × 4 graded matrices belonging to OSp(2|2). Thus, there are two puzzling features. First, it is not clear what is the zero curvature condition in superspace which will naturally reduce to the zero curvature formulation of the components. Second, neither SL(2) ⊕ U(1) nor OSp(2|2) is related to the second Hamiltonian structure of the hierarchy which, surprisingly, turns out to be fermionic and, consequently, the relation between the second Hamiltonian structure and the zero curvature formulation is all the more puzzling.
We have nothing to say about this second puzzle at this point. However, in this note, we wish to point out that there is, in fact, a zero curvature formulation of this hierarchy in superspace which naturally leads to the zero curvature condition in terms of the components. This analysis, in fact, also enables us to study higher dimensional representations of the zero curvature conditions for integrable models. This, in turn, can be used to study the higher dimensional representations of graded Lie algebras. Of course, the general properties of the representations of graded Lie algebras are quite well known [8] [9] [10] [11] [12] [13] . However, this provides a method for constructing explicit representations which may be useful. In section 2, we review briefly the known results on the zero curvature formulation of the sTB-B hierarchy [7] and, then, derive the zero curvature condition, in superspace, in terms of 4 × 4 graded matrices belonging to OSp(2|2) which naturally reduce to the component zero curvature conditions. In section 3, we give the zero curvature condition for the sTB hierarchy [14] in terms of 3 × 3 graded matrices belonging to OSp(2|2) and then explain how one can systematically construct a 4 × 4 representation or any higher representation of the zero curvature condition starting from this. In section 4, we describe the construction of 3 × 3 as well as 4 × 4 representations of the zero curvature condition for the sKdV hierarchy and present a brief conclusion in section 5.
Zero Curvature Condition for sTB-B:
The sTB-B hierarchy is described in terms of a Lax operator
and a nonstandard Lax equation, in superspace, of the form
Here φ 0 and φ 1 are fermionic superfields and
represents the supercovariant derivative whose square is ∂ x . (We refer the readers to [7] for details about the notation and the hierarchy.)
The conventional zero curvature formulation starts from the linear problem associated with the system given by
where λ is the spectral parameter. From this, it can be easily shown that
Similarly, we can define another 2 × 2 matrix
associated with the time evolution of the linear wave function, namely,
It is now straightforward to show that the zero curvature condition associated with these two potentials, namely,
would lead to the sTB-B hierarchy provided
Furthermore, the dynamical equations describing the hierarchy are given by
The two potentials, A 0 and A 1 clearly belong to SL(2) ⊕ U(1) which is related to the second Hamiltonian structure of the TB hierarchy. Because of the nature of the ()-B supersymmetrization, it is clear that a zero curvature formulation would necessarily arise where the superfield potentials belong to the same symmetry algebra as the bosonic theory.
However, as was already pointed out in [7] , these potentials do not lead to a component zero curvature description in a natural way.
On the other hand, it was already shown in [7] that the component zero curvature formulation for the hierarchy results from the component potentials of the form
where the functions satisfy the conditions
These component potentials, in contrast to the superfield potentials of eqs. (4)- (5), are graded matrices belonging to the algebra OSp(2|2). The higher dimensional representa-
where each element is a 2 × 2 block is quite interesting and has been described in detail in [12] . Thus, there appears to be no relation between the zero curvature formulation in superspace and the component formulation which is one of the puzzles mentioned in the introduction.
We now derive a zero curvature condition associated with sTB-B hierarchy in superspace which naturally reduces to the component potentials of eqs. (7) and (8) . Let us start with the linear eqution in (3) and apply D 2 to it. Then, we will obtain
If we now redefine the superfield wavefunction, χ, as
then, eq. (10) would become
¿From eq. (12), it is easy to show that
It is, then, straightforward to show that the graded matrix (associated with the time evolution of the wave function)
together with A 1 from eq. (13) would yield the sTB-B hierarchy of equations in eq. (7), from the zero curvature condition, provided
There are several things to note here. First, the potentials A 0 and A 1 in eqs. (14) and (13) respectively are graded matrices belonging to OSp(2|2) exactly of the same form as in eq. (8) . Second, if we expand these as
then, it is obvious that −a 
Higher Dimensional Representation for sTB:
Normally, all the zero curvature formulations of integrable models that we know of are in the fundamental representation of the symmetry algebra. However, the analysis of the previous section is very interesting from a completely different point of view, namely, it shows how one can construct, systematically, higher order representations of the zero curvature condition starting from that in the fundamental representation. This, in turn, can be quite useful, particularly in the case of supersymmetric systems, since it allows us to construct explicit higher dimensional representations of graded Lie algebras. We will discuss this with some examples.
First, let us consider the sTB hierarchy [4] described by the Lax operator
and the nonstandard Lax equation
The linear problem, associated with this system, is given by
Operating with D on eq. (19), we obtain
Let us next define the variables
In terms of these variables, the linear equation in (20) becomes
Furthermore, it is easy to obtain from eqs. (21) and (22) that
If we now define another graded matrix of the form (associated with the time evolution of the wave function)
then, it is straightforward to check that the zero curvature condition
leads to the sTB hierarchy of equations provided
The dynamical equations of the hierarchy are given by
This provides a zero curvature formulation of the sTB hierarchy in terms of potentials belonging to the fundamental representation of OSp(2|2). We note here that the zero curvature formulation of sTB is already known [14] . However, we have derived it differently here which readily lends itself to a higher dimensional generalization. We also note here that the sTB hierarchy is known to reduce to the sKdV hierarchy when λ = 0 and φ 0 = 0.
Imposing this consistently, we note from eq. (26) that we must have, in this case,
in addition to the other conditions in eq. (25).
In trying to generalize the zero curvature to the next higher dimensional representation of OSp(2|2), namely, the 4 × 4 representation, we define, in addition to the relations in eq. (21),
In this case, the linear equation, (22), becomes
¿From eqs. (21), (28) and (29), it is easy to obtain that
¿From eq. (30), we note that the first 3 × 3 block of this matrix is the same as A 1 of eq. (23). Let us next defineÃ
where, once again, the first 3 × 3 block is the same as A 0 in eq. (24). The structures of the matrices in eqs. (30) and (31) guarantee that the dynamical equations of (26) would automatically follow with the same conditions as in eq. (25) from the first 3 × 3 block of these matrices. The additional conditions coming from the time evolution of the elements in the fourth row only provide consistency conditions and determine
These consistency conditions can also be derived by analyzing the time evolution equation
for the wave function of the linear equation. This, therefore, gives a zero curvature formulation of the sTB hierarchy for potentials belonging to the 4-dimensional representation of OSp(2|2) and it is clear that this method can be generalized to obtain the zero curvature formulation for any higher dimensional representation.
Higher Dimensional Representation for sKdV:
The second Hamiltonian structure of the sKdV hierarchy is known [3] to be the superconformal algebra. Correspondingly, the zero curvature formulation of the sKdV hierarchy is known in terms of potentials belonging to OSp(2|1) [14] [15] . In this section, we will describe how the zero curvature formulation can be extended to any higher dimensional representation of OSp(2|1). First, let us review briefly the standard zero curvature formulation in a way that will generalize to higher dimensional representation easily.
The sKdV hierarchy is described in terms of the Lax operator
and the standard Lax equation
The linear equation associated with this hierarchy is given by
This can also be equivalently written as
Let us now define, as in the previous section,
Then, the linear equation of eq. (36) can be written as
¿From this, we can easily show that
As before, let us define the matrix A 0 associated with the time evolution of the wave function of the linear equation as
Then, it is straightforward to show that the zero curvature condition
leads to the sKdV hierarchy of equations provided
Furthermore, the dynamical equation of the hierarchy is given by
This gives the zero curvature formulation of the sKdV hierarchy in the fundamental representation of OSp(2|1) and it can be compared with eq. (26) with proper identifications. To go beyond the fundamental representation, we again define, as before,
so that the linear equation, (38), becomes
It now follows from eqs. (37), (43) and (44) that
Once again, we note that the first 3 × 3 block is nothing other than A 1 . We can again
where the first 3 × 3 block is A 0 . From the structure of the matrices in eqs. (45) and (46), we note that the dynamical equation (42) . However, the five dimensional, adjoint representation is not hard to construct as the discussion shows.
Conclusion:
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